The exact analytical solution of buckling in delaminated columns is presented. In order to investigate analytically the influence of axial and shear strains on buckling loads the geometrically exact beam theory is employed with no simplification of the governing equations. The critical forces are then obtained by the linearized stability theory. In the paper we limit the studies to linear elastic columns with a single delamination, but with arbitrary longitudinal and vertical asymmetry of delamination and arbitrary boundary conditions. The studies of quantitative and qualitative influence of transverse shear are shown in detail and extensive results for buckling loads with respect to delamination length, thickness and longitudinal position are presented.
Introduction
Since Euler's work in buckling of elastic columns [8] the buckling and postbuckling analysis of structures has been a subject of research of many authors. Euler's results differ from the experimental ones due to material non-linearity, imperfections in geometry and loading eccentricities [1] . Better understanding of mechanical grounds for the failure of structures is especially important for design of modern structures, often build from modern-type composite materials. The use of laminated composites for instance or more generally a load carrying members with geometric imperfections can result in premature collapse due to local instabilities. That is why the mathematical modelling of buckling and post-buckling considering different effects of non-linearity and imperfections has received considerable attention in the last decade, see, e.g. the publications by Chen [3] [4], Kardomateas and Schumueser [10] , Lim and Parsons [14] , Moradi and Taheri [15] , Numayr and Haddad [16] , MSRao et al. [17] , MSRao and Shu [18] , Sheinman and Soffer [21] , Wang et al. [26] .
The work by Chai and coworkers [2] represents a first attempt in modelling the delaminated beam. In [2] the energy release rate criterion is applied and the effect of delamination growth is also studied. The beam is divided into four regions and the continuity conditions at the delamination ends are applied. Similar delaminated beam model was used by Simitses et al. [22] , where the effect of delamination length and vertical position is studied in detail for simply supported beams and the beams with clamped ends.
Kardomateas and Schumueser [10] and later Chen [3] have incorporated the transverse shear effect into their studies. Kardomateas and Schumueser [10] studies are based on classical Euler's solution, Chen [3] used the a variational energy principle instead. Both papers employ the Griffith-type fracture criterion for studying the delamination growth. Later Chen [4] used the first order shear deformation theory to develop closed-form expressions for buckling and post-buckling of asymmetrically delaminated beams with clamped boundary. Moradi and Taheri [15] solved the same problem by the differential quadrature method.
The objective of the present paper is twofold: to derive the exact analytical solution for the buckling of single-delaminated column with consistent consideration of transverse shear, and to investigate the effect of delamination length position and shear effect on buckling loads. In contrast to other authors we here employ the linearized stability theory [11] and present the exact analytical solution with no simplification of the governing equations. We restrict our analysis to the buckling analysis of linear elastic columns with a single asymmetric delamination and arbitrary boundary conditions. The post-buckling analysis is not the issue of the present paper. The extension of the present formulation on multiple delamination and composites made of several materials with different material properties can easily be made.
Problem definition
We consider straight column with constant cross-section and compressive axial force F , acting along the neutral axis of the column (Figure 1 ). The column is divided by a single delamination into four elements. Elements 1 and 4 represent both non-delaminated ends of the column. Elements 2 and 3 represent the two layers at the middle of the column. Delamination is parallel to the neutral axis of the column, but otherwise placed at an arbitrary position. Relative delamination length is defined by
, where L denotes the total length of the column. The asymmetry of delamination with respect to the height of the column is uniquely described by parameter µ ∈ (−1, 1). µ = 0 means the vertically symmetrical delamination, by increasing (or decreasing) the value of µ, the delamination is moved along the height of the column towards the boundary. The longitudinal asymmetry is defined by the ratio of the undelaminated ends a = L 1 /L 4 . a = 1 means longitudinally symmetrical delamination, delamination is positioned nearer left end for a ∈ (0, 1) and nearer right end for a > 1.
Global coordinate system (X, Y, Z) is chosen, in which the undeformed centroidal axis lies in the plane XZ, X-axis is perpendicular to the neutral axis of the column, Y -axis points out of the figure, and the reference point (0, 0, 0) coincides with the bottom of the column. Local coordinate system (x, y, z) is assumed to coincide initially with global coordinates, and then follows the deformation of the beam. Plane cross-sections are assumed to remain planar and preserve their shape and area after the deformation. The column is made of linearly elastic homogenous material. The smallest point load, called the critical force, is sought, such that the buckling of the column occurs. Note that both layers are initially straight and that contact along the length of layers can occur only at the post-buckling stage. Note that the present model assumes that the delaminated layers deforms freely and have different transverse deformations. This assumption may not be practical due to the overlapping of the delaminated layers [25] in the post-buckling analysis which is, however, not the issue of the present paper.
Analytical solution

Governing equations
The present solution is based on the stability analysis of the exact analytical solution of the linearized planar beam theory. We stem from non-linear planar Reissner beam theory and describe the beam by:
i) kinematic equations
ii) equilibrium equations
where
iii) and constitutive equations
Here • E and G denote elastic and shear moduli of material;
• A is the cross-sectional area;
• A s is the effective shear area [7] ; • u and w denote the displacements of the beam;
• φ is the rotation;
• ε is the extensional strain, γ is the shear strain, κ is the bending strain (curvature); • p X , p Z and m Y are external distributed forces and moments, respectively; • R X , R Z and M are the stress-resultant forces and moment.
Note that, when expressed with respect to the local basis, the stress forces are denoted by N and Q and related to R X and R Z by coordinate transformation (7)- (8) .
After considering that the column is loaded only by point loads and employing some simple eliminations we obtain the complete set of non-linear governing equations
The critical points of the non-linear set of equations agree with the critical points of the linearized system [11] . For the application of linearized stability theory in existence and uniqueness of the solution of Reissner's elastica see the paper by Flajs et al. [9] .
Linearized equations
Similarly as in paper by Zupan and Saje [28] for three-dimensional beams, consistent variation of equations (12)- (19) will be employed at an arbitrary configuration of the beam. The deduction of the variations is simplified if variations of constitutive equations are prepared in advance:
Here S y denotes the moment of area and I y the moment on inertia. Note that S y is not zero for all the layers where the centroidal axis does not coincide with the neutral axis of the whole beam. C 11 , C 12 , C 21 , and C 22 are the components of the cross-section constitutive tangent matrix. It's determinant
is crucial for observing the failure at the cross-section. Here, it is suitable to introduce the notation d = c C 11 (28) for the constitutive tangent matrix determinant divided by the axial stiffness. Note also that the axial stiffness is strictly positive quantity. As reported by Krauberger et al., the non-linearity of material could considerably affect buckling and post-buckling behaviour of frame structures. The present approach could easily be extended to non-linear material due to consistent linearization of constitutive equations introduced above.
After these preparations the variations of the equations of the beam are easily derived and are as follows:
The linearized equations (29)-(37) can be evaluated at an arbitrary configuration of the beam. In order to apply equations to the column buckling problem, the linearized equations are to be evaluated at the primary configuration of the column. The primary configuration of the column is an arbitrary deformed configuration in which the column is straight
an loaded only along the neutral axis
By inserting (38) and (39) into equations (12)- (19) we have
Combining (38)- (43) and (29)- (37) gives linearized equations at primary configuration:
Equations (44) 
Analytical solution of linearized equations
The set of nine equations (44)-(52) will be transformed into only two differential equations of higher order. The only remaining unknown will be axial and lateral deflections δu and δw. By taking the first derivative of equation (45), the first derivative of (51), and (48) we have
and
Second derivative of (52) gives
on the other hand from (49) and (48) it follows that
The equality of right hand sides in (55) and (56) gives
Finally by inserting (50) and (54) into (57) and considering (28), we get
If we introduce the buckling parameter
fourth order differential equation (58) can be written in a simple form as:
Equation (60) can be solved analytically; the solution is
Four parameters A, B, C, and D must be determined form the boundary conditions. Various boundary conditions, presented in the next section, need to be analyzed: different supports at both ends of the column and the bonding conditions between middle layers and the elements at both ends. It is obvious from the general approach that the solution (61) holds for all four elements composing the column. However due to different boundary conditions each element has different parameters. Thus, sixteen parameters A i , B i , C i , and
. . , 4 uniquely define the lateral deflection of the column.
Taking the first derivative of (50) and considering (44) and (47) gives
From (53) we then obtain
After inserting the solution for δw (61) and taking into account (59) we finally get
Exact solution of the second order equation (62) reads
where the two parameters α and β are to be determined from the boundary equations. Again each element could have different values of parameters α and β. All together eight parameters α i , β i , i = 1, . . . , 4 uniquely define the axial deflection of the column.
An arbitrary deformed configuration of the linearized beam is uniquely described by δw (x), δu (x), and the boundary conditions. The remaining quantities of the beam δφ, δR X , δR Z , δM can be obtained from (44)- (52). It is, however, suitable to directly express those quantities with δu, δw, and their derivatives as we will employ these expressions in order to properly consider the physical boundary and bonding conditions.
Firstly, we express δR Z from (49)
δM ′ can further be expressed from (52) and considering (50) and (47) as
From (53), (64), and (65) now follows
Inserting the solution for δw into (66) results in
From (44) we have
and on the other hand from (51) we get
Upon insertion (69) and (66) into (68) and some short simplification where (59) is taken into account, it yields
After we insert the solution (61) into (70) and rearrange the terms, we obtain
By inserting (44) and (53) into (52) we have
and in completely analogous way
It is suitable to insert solutions (61)-(63) into (72) and (73) as the expression simplify considerably. After some short derivations we directly obtain
Boundary and continuity conditions
Before we discuss the conditions on linearized formulation the continuity of displacements and equilibrium of forces in non-linear primary configuration need to be considered. Continuity of displacements at the delamination ends (points T 2 and T 3 on Figure 1 ) reads:
From (12) and (38) we have
As one end of column is fixed, we have u 1 (0) = 0, and inserting (76) into continuity conditions yields
Thus the axial strains of both layers are equal
Equilibrium conditions of axial forces at points T 2 , T 3 , and T 4 are
The axial forces can be expressed with axial strains. From (38)- (43) and (18) we obtain
(81) By inserting (81) into (78)-(79) and considering (77) we get
As for columns with constant cross-sections A 2 + A 3 = A 1 = A 4 , we finally have the continuity of axial strains
From (81) and (82) now follows
As reported by Li [13] the exact solution for buckling considering the effect of shear can not be easily obtained for non-uniform bar, especially for multistep bars. Note that the present approach allows us to directly extend the formulation to columns with varying cross-section.
Different boundary conditions for the solutions of linearized equations will be taken into account. For the points at which the elements bond we demand the equality of displacements and rotations and the equilibrium of the internal forces. At the delamination ends, e.g. at the points T 2 and T 3 (see Figure 1 ) we thus have:
For each of the analyzed columns one end (point T 1 ) is fixed in axial direction, and at the other end (point T 4 ) the axial force is zero:
Four different boundary conditions for columns will be analyzed:
(i) Clamped at one end free at the other (cantilever)
(ii) Pinned at both ends (simply supported)
(iii) Clamped column at one end, pinned at the other
(iv) Clamped at both ends
The total set of equations consist of 18 continuity conditions (86)-(97) and 6 boundary conditions; totally 24 equations for 24 unknowns:
We are interested only in non-trivial solutions, where all the parameters are not equal to zero. The equations are linear and homogenous, thus they can be written in the form
where K denotes the 24 × 24 matrix of coefficients and α the vector of 24 unknowns. For solutions, where α ̸ = 0, the lowest value of F is sought, such that det K = 0. The lowest pair (F, ε) is sought such that the determinant of the system of equations vanishes with the determinant of the cross-sectional tangent matrix being positively definite (c > 0). The analytical expressions for det K are unfortunately too complicated to be presented as closed formulae; some of the results, obtained by the above algorithm are presented in next section. For further details on calculus of critical points and their classification see the paper by Planinc and Saje [19] .
Results and discussion
The critical force of the delaminated column is dependent on various parameters. Here, the influence of the delamination length, delamination position, shear modulus, and slenderness ratio is analyzed. Some of the results and parameters are normalized in order to present the buckling behaviour and the influence of various parameters more evidently. In all the examples the obtained critical force, e.g. the buckling load, is normalized with respect to the value of the classical Euler's result. In order to study the shear effect the elastic to shear modulus ratio has been varied. The present results are presented for:
i) E/G = 0; shear incompressible material, commonly taken in studying the buckling and postbuckling behaviour), ii) E/G = 2; typical for isotropic materials, and iii) E/G = 6; which is typical for composite materials, such as fibre-glass.
As the ratio is much larger for composite materials, in which the phenomena of delamination is one of typical failure modes due to production procedures, the shear effect could not be neglected for such materials. Results will be presented and discussed with respect to slenderness of the column, defined by
Some of the present results are compared to the results in available literature. Then thorough parametric studies are presented according to the present formulations for each type of supports.
Parametric studies for simply supported beam
To compare the present model with other authors we have employed the shear incompressible material, material with E/G = 6 and a modification (simplification) of the present formulation. Comparisons of normalized buckling loads of the simply supported beam are shown in Tables 1 and 2 . The present results are presented for slenderness ratio λ = 17.3. It is interesting to observe that for shear incompressible material the present formulation gives larger values comparing to the classical laminate theories. The reason stems from the exact non-linear formulation employed in the present formulation. In order to validate the present results with respect to classical theories a modified buckling
has been employed. For such simplification the influence of the axial strain in primary configuration in neglected, which is common to classical approach. Our results for modified buckling parameter completely agree with other authors. The present approach for incompressible material shows that the classical approach is conservative. This is not the case when the shear effect is considered. The present theory gives lower relative critical forces even for relatively slender beam. The shear effect is studied in detail in the next section. Note also that the solution, based on Reissner's beam theory, considers the extensional and bending stiffness coupling and transverse shear effect. The extensional and bending stiffness coupling results in larger critical forces with respect to classical Euler's solution when transverse shear is neglected (G = ∞). As expected the relative buckling load reduces by increasing the delamination length and/or by moving the delamination towards the cross-section's boundary. The effect of delamination length and relative vertical position on normalized buckling load is presented by a surface in Figure 2 . It is evident from Figure 2 , that the relationship between buckling load and both parameters is non-linear. For relatively short delamination (d.l. ≤ 0.3), the normalized buckling load is mostly independent on their vertical position. This is not the case only for the delaminations that are very close to the boundary (µ > 0.8); for which normalized buckling load rapidly decreases. For relatively longer delaminations even relatively small vertical asymmetry of delamination results in considerable reduction of normalized buckling load. Note that in Figure 2 elastic to shear ratio is taken to be 6 and that the slenderness ratio is approximately 70. The results for lower slenderness are quite different. In order to make comparisons more clear results for various shear moduli are presented as two dimensional charts in Figures 3 and 4 . that relatively short delamination are insensitive to moderate asymmetry of delamination position. This is not the case for longer delaminations, where the vertical asymmetry seems to be crucial. Figures 3 and 4 , is the relationship between the slenderness ratio and the shear effect. The shear effect could not be neglected for relatively stocky columns (λ < 50). When the material is shear incompressible (G = ∞), the relative buckling load is almost independent on the slenderness. The slight increase in relative buckling load for stocky columns is due to the non-linear model where the axial deformation is properly taken into account. For typical isotropic materials (G = E/2), the shear effect is observed for thick columns (λ < 20) and relatively short delaminations. The shear effect reduces the relative buckling load. When the composite material is applied, the shear to elastic modulus is even larger, which results in considerably lover critical forces for slenderness lower than 60. The effect is stronger for shorter delamination positioned nearer the symmetry axis of the cross-section. The shear effect could reduce the normalized buckling load for more than 20% when slenderness ratio is approximately 15.
Another important issue, evident form
Study of various boundary conditions
The parametric studies presented above have been preformed for simply supported column. Different boundary conditions, especially non-symmetric boundary conditions can have considerable influence on the quantitative and qualitative buckling of the delaminated column. In all of the results columns with slenderness ratio 34.6 and longitudinally symmetrical delamination were studied. Different support types were analyzed with respect to transverse shear effect (introduced by shear modulus G), vertical delamination position µ, and delamination length d.l. In Table 3 the comparison between different support types is shown for various combinations of parameters.
Results for different support types, although normalized with respect to Euler's critical force for the same boundary conditions, differ considerably. The variation of the analyzed parameters could have substantially dissimilar values when different boundary conditions are applied. It is common for all the support types that by increasing the delamination length the relative critical force is decreased. By increasing the shear modulus the relative critical force is increased in all the cases. For most cases the relative critical force is decreased by increasing the vertical asymmetry of delamination (parameter µ). It is important to observe that this is not always the case when asymmetrical boundary conditions are applied (clamped-pined and cantilever column). For all the parameter combinations the highest relative buckling load is almost always obtained when the column is clamped only at one end, thus cantilever column is the most conservative for variations of parameters. On the other hand the clamped-pinned column gives the lowest results for critical force when analyzing relatively short delaminations near the neutral axis. For longer delaminations and higher values of µ clamped-clamped column gives considerably lower results as the clamped-pinned one.
Buckling mode shapes for various boundary conditions are presented in Figure 5 . We should point out that for all cases the matrix rank of the entire set of equations was equal to 23 at the critical load. Thus, a single eigenvector defines the corresponding buckling mode. We could agree from Figure 5 that the modes could be classified to global, where the buckling of entire column is dominant with respect to delamination, local, where only delamination occurs, and mixed, where both global and local buckling take place. Note that this classification is based entirely on the appearance of buckling shapes and has not been defined theoretically. Note also that by analyzing the matrix rank of boundary and continuity conditions separately this phenomenon could not be described, as for all the cases the separated ranks were 6 and 18, respectively. We could observe that vertically symmetrical delaminations have only minor affect on the buckling shapes; the global buckling occurs. By reducing the height of the layers, the delamination appears together with global buckling, but for very thin and long delaminations only the thin layer buckles, which results in local buckling shape. The comparison between various boundary conditions shows considerable dissimilarities in mode shapes for otherwise identical columns. We should point out that for relatively short delaminations the longitudinal asymmetry could considerably affect the global mode shape, as observed for clamped-clamped beam in Figure 5 . Note also that the transverse shear does not affect the buckling mode shapes (it affects only the pinned-pinned clamped-clamped clamped-pinned clamped-free magnitudes of buckling forces), thus the comparisons are not presented here.
Study of longitudinal asymmetry
The shear effect is only rarely considered in delamination models. Here we compare the results of the present theory to the ones obtained by Chen [3] for the beam clamped at both ends. In [3] the shear deformation parameter introduced is dependent on length to thickness ratio. In present approach the shear effect is applied directly with shear modulus G. The shear deformation parameter 0.2 from [3] is thus adequately replaced by elastic to shear modulus ratio. For the present length to thickness ratio h/L = 0.1 the size of E/G, accordant to [3] , is 6.8. Tables 4 and 5 show good agreement between both results (up to 3 significant digits). The differences stem from different approach applied here with respect to the one in [3] . Note that the delamination is normally positioned to the middle of the beam's length and different thicknesses are studied. Our results show that the longitudinal position of delamination can be of considerable influence. The present results in Tables 4 and 5 The phenomenon of relative critical force reduce by asymmetrical longitudinal delamination position has been studied for columns with slenderness ratio 35 and several vertical delamination positions. The transverse shear effect was studied by taking different values of shear moduli (G = ∞ and G = E/6). In the study symmetric delamination was compared to the cases with delamination positioned at 1/4 and 1/8 of the non-delaminated length (L 1 :
, respectively. Various boundary conditions were taken into account.
The results for clamped-clamped columns are shown in Figure 6 . We can observe that the increase of longitudinal asymmetry affects the most the columns with medium-sized delaminations when the delamination is at the centroid of the column (µ = 0 Results for columns, clamped at one end, pinned at the other, are shown in Figure 7 . From Figure 7 it is obvious that the longitudinal delamination position could have considerable influence on buckling loads particularly for vertically symmetrical delaminations and moderate vertical asymmetry (µ < 0.5). In contrast to previous example the delamination centered at mid-span of the column's length does not give the largest buckling loads. Generally by moving the delamination from the clamped end (x = 0) to the pinned one (x = L), the relative critical force raises. It is, however, interesting to observe that relatively short delaminations when positioned closer to mid-span (L 1 : L 4 = 3 : 1) can give larger buckling loads as when positioned nearer the pinned end ( L 1 : L 4 = 7 : 1). The same phenomenon, but not so distinctive in values of relative buckling loads, is observed by moving the delamination to the clamped end. The comparisons between more realistic (solid line) and shear incompressible (dotted line) material show completely analogous behaviour of shear incompressible column with respect to the longitudinal delamination position. On the other hand, the values of relative critical forces can be non-conservative when transverse shear is neglected. Our last example is the most conservative one as the various parameters, studied in previous examples, have the lowest influence on the buckling loads. The column is now clamped at one end, free at the other (cantilever column). The delamination longitudinal position and transverse shear have only slight influence for this type of boundary conditions (see Figure 8) . Delamination length and vertical position have substantial influence, but comparing to other examples their effect is lower. The most interesting issue, observed from Figure  8 , is that in contrast to previous example by moving the delamination from the clamped end (x = 0) to the free one the relative critical forces are reduced. This is in accord with the expectation that the delamination in the neighborhood of the clamped end would have the lowest effect.
Conclusions
We presented the analytical approach to the buckling analysis of the asymmetric delaminated beam considering the shear effect. The essential points of the present studies are:
(i) The present formulation agrees well with the classical results for shear incompressible material. (ii) The dependence of the buckling load on delamination length and position is strongly non-linear. (iii) The shear effect can be substantial and can not be neglected even for isotropic material when the beams are stocky. (iv) For composite materials the shear effect is substantial for low to moderate slenderness ratio. Classical approach can be most non-conservative for such cases. (v) It is recommended that for materials with high elastic to shear modulus ratio the shear effect is properly considered. (vi) The obtained and presented results can on behalf of their exactness serve as a benchmark for numerical methods.
Post-critical behaviour, geometric imperfections, and non-linearity of material non-analyzed in the present paper are the subject of further studies.
Appendix A: shear incompressible material
We will prove that for G = ∞, the shear dependent formulation reduces to exact formulation of shear incompressible material. When the shear deformations can be neglected, the governing equations read: 
After procedure analogous to the one in section 3.3, equation (60) is obtained once again, however the parameter k 2 is now described by
but the general form of the solution (61) remains the same.
From (117) and (118) 
First derivative of (122) yields differential equation for axial displacements: 
Inserting the expressions for δM , δw, and δR Z into (121) results in
The comparison shows the complete analogy between no-shear and shear theory, where the shear effect can be fully considered only by proper modification of the buckling parameter k.
